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Farctior ard bimrits

Concept of Functions:

Historically, the term function was first used by German
mathematician Leibnitz (1646-1716) in 1673 to denote the dependence of one quantity on
another e.g. «

1) Thearea“A” of asquare of side“x” is given by the formula A=x2.
As areadepends on its side x, so we say that A isafunction of x. X X

2) Thearea“A” of acircular disc of radius “r” is given by the formula
A=p r? Asareadepends on itsradiusr, so we say that A isafunction of r.

3) The volume “V” of asphere of radius “r” is given by the formula
V=gp r®. Asvolume V of asphere depends on itsradiusr, so we say that

V isafunction of r.

The Swiss mathematician, Leonard Euler conceived the idea of denoting function
written as y=f(x) and read asy isequal to f of x. f(x) is called the value of f at x or image
of x under f .

The variable x is called independent variable and the variable y is called
dependent variable of f.

If x and y are real numbersthen f is called real valued function of real numbers.

Domain of the function:

If the independent variable of afunction is restricted to lie
in some set, then this set is called the domain of the function e.g.
Domof f={0£ x£ 5}

Range of the function:

The set of all possible vaues of f(x) as x varies over the
domain of f is called the range of f e.g. y = 100 — 4x%.
As x varies over the domain [0,5] the values of y = 100 — 4x? vary between y=0 (when
x=5) and y = 100 (when x=0)
Rangeof f ={0£ y£ 100}

Definition:
A function isarule by which we relate two sets A and B (say) in such a
way that each element of A is assigned with one and only one element of B. For example

isafunction from A to B.
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itsDomain ={1,2,3} and Range ={4,5}

|
|

In general:
A function f fromaset ‘X’ toaset 'Y’ isarule that assigns to each
element x in X one and only one element y in Y.(a unique elementy in Y)

f
N

(fisfunction from X to Y)

If an element “y, of Y isassociated with an element “x, of X, then we write y=f (x) & read
asy” isequal to f of x. Here f(x) iscalled image of f at x or vdlue of f at x .

Or if aquantity y depends on a quantity x in such away that each value of x determines

exactly one value of y. Then we say that y is afunction of x.
The set x is called Domain of f . The set of corresponding elementsy iny is called

Rangeof f . we say that y is afunction of x.

Exercisel.1

Q1. (a) Given that f(x) = x> —x
i f(-2)=(-2°-(2)=4+2=6
f(0) = (0)*-(0)=0
f(x-1) = (x-1)° - (x-1) =x* —=2x+ 1 —x+ 1=x*—=3x+ 2

iv.  fOC+HA) = (0C+4)? - (C+4) = X' + 8+ 16 — X —4=x"+ IXC + 12

(b) Giventhat f(x)=+x+4
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)f(-2)=-2+4=42
ii)f(0)=+0+4=14=2

iii)f(x-1) =vx-1+4=+/x+3

V) fOC+4) =2 +4+4 =12 +8

Q2. Giventhat
i) f(x) =6x-9
f(a+h)=6(a+h)- 9=6a+6h-9

f(a)=6a-9
Now f(a+h)- f(a) _(6a+6h-9)- (6a-9)
h h
6a+6h 9- 6a+9_6_h_6
h h
i) f(X)=sinx given
sing - sinj :2005ael *] _smael *] 2
& @ 2 @

f(a+h)=sin(@a+h) and f(a)=sna
f(a+h)- f(a) _sin(a+h)- sina
h B h

:l[sin(a+ h) - sina]

Now

lé aea+h+ao aga+h aou lé aza+ ho
== 0S

n& % 5 i h82 ¢ 2

1é ae? ho ahdl_ a% aeho
= = 22C0Sa— _SI cospa +— _sm

h &%, T o5 855’ & 25 &2
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iii)  Giventhat f()=x+2x°-1
f(a+h)=(a+h)’+2(a+h)*>-1=a’+h®+3ah(a+h)+2(a* +2ah+h*)- 1
=a’ +h® +3a’h+3ah’ + 2a* + 4ah +2h’ -
f(a=a*+2a*-1
Now f(a+h)- f(a)
_a’+h®+3a’h+3ah’ +2a° +4ah+2h* - 1- (&’ +2a* - 1)
h

zigas+h3+3a2h+3ah2+2a2+4ah+2h2- 1- a®- 2a? +1
h

1/ 3 2 2 2\ h/ 2 2 AY
== +3a°h+3ah” +4ah+2h"y=— +3a° +3ah+4a+2h
g =@ i

=h’+3a’ +3ah+4a+2h=h’+3ah+2h+3a’ +4a=h*+(3a+2)h+3a* +4a
V) Giventhat f (X) = cosx
S0 f (a+h) =cos(a+h)
and f(a)=cosa
f(a+h)- f(a)
h

Now

_cos(a+h)- cosa _1é Zsinge?a+hc_)smgd1_c_u ﬁsmg +D99n8é1_9
h he e 2 g eZ&j h 2g eé2g

Q3. (@ If ‘X’ unit be the side of square.
Then its perimeter P = x+ x+ X + X = 4x
A=Area=x.X=xX  .cccccoeen.n. 2)
From(2) x=+vA  puttingin (1) X X

P=4A

\ Pisexpressed as Area

(b)  Letxunits bethe radius of circle
ThenArea=A=px* .ieviiiieennnn, (1
Circumference=C= 2P X .coovviriininnnnnn 2

From (2) X=

(© Let x unit be each side of cube.
The Volume of Cube=x.x.x=x
Areaof base= A = x*

From (2) x= A Puttingin (1)
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v=(VA)=(v*
Q5.  f(x)=x*- ax’ +bx+1

If f(2)=-3 and
(2)°- a(2)? +b(2) +1=-3
8- 4a+2b+1=-3

9- 4a+2b=-3

12- 4a+2b=0

Dividingby- 2

- 6+2a- b=0.ccooeerrennee (1)

Solving(1) and (2)
2a- b-6 =0
atb =0
3a-6 =0

a=2 and ()b b=-a p

Q6.  h(x)=40- 10x*
® X =1sec
h(1) = 40- 10(2)*
=30m

&0m

(b)  x=15sec
h(1.5) = 40- 10(1.5)*
=40- 10(2.25) = 40- 22.5=17.5m

(c) x=1.7sec
h(1.7) = 40- 10(1.7)*
=40- 10(2.89) =40- 28.9=11.1m

i) Does the stone strike the ground = ?

h(x)=0

40- 10x* =0
-10x*=-40 b x*=4
X=x2

Stone strike the ground after 2 sec.

f(-1=0

(-)*-a-)*+(-)+1=0
-1-a-b+1=0

-a-b=0
a+b=0

Graphs of Function

Definition:
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The graph of afunction f is the graph of the equation y = f(x). It consists
of the points in the Cartesian plane chose co-ordinates (x , y) are input - output pairs for f

Note that not every curve we draw in the graph of afunction. A function f can have only
one vaue f(x) for each x in its domain.

Vertical Line Test
No vertical line can intersect the graph of a function more than once. Thus, acircle
cannot be the graph of a function. Since some verticd lines intersect the circle Twice. If
‘a isthe domain of the function f, then the vertical line x = awill intersect tt B
in the single point (a, f(a)).
¥

. g
ST R L
- '

11 i quaph of hoecion I= mul o graph el lnnclivn

Types of Function

ALGEBRAIC FUNCTIONS

Those functions which are defined by algebraic expressions.
1) Polynomial Functions:

P(x) =a,Xx"+a, X"  +.eees +aXx+a,lsa
Polynomial Function for all x where a,,a,,a,....... a, arereal numbers, and
exponents are non-negative integer . a, iscalled leading coefft of p(x) of degreen,
Where a, * O

p Degreeof polynomial function isthe max imum power of xinequation
P(x) =2x*- 3x® +2x- 1 degree=4

2) Linear Function: if the degree of polynomial fnis‘1,_iscalled linear function
1.e. p(x)=ax+b

or b Degree of polynomial function isone.

f(x) =ax+Db ato
y=5x+b
3) Identity Function: For any set X, afunction|: X ® xof theformy = xor

f(x) = x. Domain and range of | isx. Note. | (x)= ax +b bealinear fn if a=1,b=0 then
[(x)=x or y=x iscalled identity fn
4) Constant Function: or

C:X®y definedby| f: X ® ylff(x)=c, (const)thenfis

called constant fn
C(x)=a "xI Xandaly
eg. C:R®R egy=>5

C(x)=2or y=2 " xI R
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5) Rational Function:

_P(¥)
R(X) = —=
) Q(x)
Both P(x)and Q(x) are polynomial and Q(x) * 0
_ 33X +4x+1
g R= 5x% +2x% +1

Domain of rational function isthe set of al real numbers for which Q(x)* 0

6) Exponential Function:

A function in which the variable appears as
exponent (power) is called an exponential function.

) y=a*\ xI R a>0
i) y=€\ xIl Rand e=2.178

i) y=2or y=¢e"
aresomeexponential functions.

7) L ogarithmic Function:

If x=a’then y=log,* x>0
a>0 atl
'a'iscalled thebaseof Logarithemic function
Then y=log,” isLogarithmic functionof base'a’
) If base=10theny = log,,*
iscalled common Logarithmof x
i) If base=e=2.718
y=log, =Inx iscalled natural log
8) Hyperbolic Function:

We define as

X - X

e -e

i) y =sinh(x) = Sine hyperbolic function or hyperbolic sine function

Dom={x/xI B  and Range={y/yl R

X X

e +e

i) y = cosh(x) = iscalled hyperboliccosine functionb xI Ryl [1¥)
i)  y=Tanhx=S_" e: _ Sinhx iv)  y=cothx= C_OShX

e*+e* coshx sinhx
V) y =sechx = 1 - - 2 — xI R

coshx €*+e
Vi) y = cosechx = _1 -2 Dom={x* 0:x] R

snhx €*-¢e”*

9) I nver se Hyperbolic Function: (Study in B.Sc level)
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) y=sinh*x= In(x+\/x2 +1) for " xI
i) y=cosh'1x=ln(x+\/x2 - 1) for " xI
iii) y=Tanh‘1x=iInﬂ xt1 and [¥<1
2 |1-x
20
iv) y=sech'1x=ln8%+ 1- x H 0<x£1
& X 5
V) y=coth'1x=ii X >1
2|x-1
S+ 20
Vi) y=cosech'1x=ln8%+ 1*X N x10
& MG
10)  Trigonometric Function:
Functions Domain(x)
i)y=sinx All real numbers
- ¥ <X+¥
ii) y = cosx All real numbers
v-¥ <X<¥
i) y = tan x M‘R-Qk+n%
kl z
iv) y = cot x x] R- kp
kl z
V) y = Secx xI R- (2k+1)%
kl z
Vi) y = cosecx xI R- (kp)
ki z

11) Inverse Trigonometric Functions:

Function Dom(x)
y=sn*xU x=sny -1£x£1
y=cos'xU x=cosy -1£x£1
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and x>1

Range(y)
“1£yEL

“1£yEL

-+ 'R'all real numbers

R- (-1,1)

or R- (-1<y<]
R- (-1<y<))

Range(y)

p p
Peyebk
2 y 2

Of£yEp



i)

y=Tan*xU x=Tany xI R

or - ¥ <x<¥

y=Sec'xU x=secy xI R- (-1
y=Cosec*x U x = cosecy xI R- (-1,
y=Cot'xU x=coty xI R

12)  Explicit Function:

If yiseasily expressed in terms of x, then y iscalled an

explicit function of x.
Py=f(x) eg. y=x>+x+1 et

13)  Implicit Function:

If x and y are so mixed up and y cannot be expressed in
term of the independent variable x, Theny is called an implicit function of x. It can be

written as. fx,y)=0
e.g. X2 Xy + Yo = 2 €t

14)  Parametric Function:

For afunctiony =f (x) if both x& y are expressed in
another variable say ‘t" or q which is called aparameter of the given curve.

Such as:
i) x = at®
y = 2at

X = acost Parametricequationof circle
y =asint
X2 + y2 - a2

X =acosq Parametricequationof Ellipse
y=bsing

y =btanq
X2 y2
PR
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Exercise1.1
Q7. Parabola p VAR S )]
X=at? e, (i)
y=2at (i)
Toeliminating't' from(ii) t= 2—); putting (i)
L2 2 2
x=aael2 P x=agey—22 P x=y—
&2a g &4a? 4a
= y* = 4ax whichissameas(1)
whichisequationof parabola.
i) x=acosq, Yy=bsnq
b X=cosq.... () and %:sinq ............... (ii) Toeliminatingq from(i) and (ii)
a
Sguaring and adding (i) and (ii)
2 2 .
89‘—2 +aig= represent a Ellipse
§ap &b g
i) X=asecq, Y=Dbtanq
5=secq ................ (1) X=tanq ................... (i)
a b
Sguaring and Subtracting (i) and(ii)

.2 .2 2 2 2 2
X0 &0 _ 2 2 X Yy _ 2 2 X y _
—= - -+ =Sec’q- tan p —- = =1+tan"g - tan"q P — - ==
&ap &by a a a b a a a b’

\\-.ﬁ P Which is equation of hyperbola
Q8. (i) sinh 2x = 2sinh xcosh x

X _ A XA X - X A 2X _ A 2X A 2X 2Xx
RH.S=23inhxcoshx=2g’E € (_JQ&E e 2=22@ € 2=e €
& 2 g 2 g & 4 g 2
=sinh2x=L.H.S
i) sec® hx =1- tan® hx
X _ A XA 2X F2X ~
RH.S.=1- tan’hx =1- gex e_x 2=1- Wg
e +te gy e +e"+2y5
e +e¥+2-e”-e7+2 _ 4 _ 1
= e+ +2 - o 2 = o+ 2
() [erreTs)
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cosh® X
iii)  coseh®x=coth®x- 1

=sech’x=L.H.S

RH.S=coth® x- 1:8@X+e_xt.52- 1= (ex +e_x)2' (ex' e_x)2 — (e2x+e-2x+2)_ (ezx +e - 2)
. gex_e'xjﬂ (ex_e_x)z (ex_e_X)Z
_e e +2- e +2 4 L

=cosech2x=L.H.S

1
(e - &) _(ex- e*) _(ex- e‘%)2 -~ sinh® x
Q9. f(x)=x*+x
replacexby- x
(X = () + ()= - x=- g+ =+ 1 ()
p f (x) =x* +x isodd function
i) f(x)=(x+2)°
replacexby- x
f(-x)=(-x+2)"1 £f(x)
f(x)=(x+2)° isneither evennor odd
iy f(x)=x/x+5

replacexby- x
f (- %) =(-x)4/(- x)2 +5=- gx\/x2 +58= - f(x) f (x)isodd function.

iv) f(x)=§;+i

replacexby- x

e

f (x)isneither evennor odd function.
V) f(x)=x+6
replacexby- x

F(-x)=(- X)' +6=§- X +6=x¢ +6= 1 (x)

f (x)isaneven function.
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